We show that the free energy of the classical Heisenberg model converges to the free energy of the Gaussian in the low-temperature limit. The limit is uniform as the field is taken to zero.
INTRODUCTION
We study the classical Heisenberg model defined on a v-dimensional cube A = [0, L] v c~ 2 v by the Hamiltonian function
~A,,(h)=--F~ ~ X(m.g(R+6)-hZSz(R) (1.1)
We define the partition function as
Zs(~, h, A) = f(,.s2~A, eI~IA dS(R) exp[ -//(54.s(h) -EA,,(h))] (1.3)
Here dS is the standard Euclidean measure on s. S 2 given in polar coordinates by dS= s 2 sin p do dO and /~ > 0 is the inverse temperature.
Note that .
~.~.,(h) -eA ~(h) -! y~ , --2RcA E [S(R)-S(R-I-c])]2-I-hE [s-StiR)]
]61 = 1 R 
1-[ d2z(R)exp[-fl~A.c(h)]
(1.6) (d( R~A where the function ~A,a(h) defined on C A is given by h
~A,a(h)=~6 Iz(R)-z(R +(~)12 +~ lz(R)I2
(1.7) By identifying C with the tangent plane of s-S 2 at the north pole, we see that lira Zs (3, 
h, A ) = ZG(3, h, A)
(1.8) S~CO We are interested here in investigating this convergence in the thermodynamic limit, i.e., as I At ~ oe, and in that case study the behavior as h approaches zero. Notice that the finite-volume convergence in (1.8) is not uniform as h tends to zero. In fact, the right-hand side diverges as h~0.
To study the thermodynamics, we compute the free energies We will here prove the following results. We are here assuming periodic boundary conditions, i.e., we identify opposite sides of the boundary of A. It is well known that the free energies (1.9) and (1.10) are independent of boundary conditions. We have now
Za(//, h, A) = ~ (1.18) and thus (1.13) follows upon taking the limit IAJ --* oo. The magnon approximation, which is still an open problem, states that for v ~> 3 the magnetization can be estimated by the derivative of (1.13), i.e., we have the following:
;,~o fl
JE-~,~y
We emphasize that our result (1.19) holds for v ~> 1. Indeed, the integral in (1.19) is finite for all v >~ 1, while the integral in (1.23) is divergent for v = 1 or 2.
One should observe that Theorem 1.1 implies that the expectation of the energy per unit volume at zero field will converge to its Gaussian value as s ~ oo. This result is not implied by the infrared bound. We have, then, the following result.
Let E(fi, h) be the expected thermodynamic energy Corollary 1.2.
A result of the form (1.24), but for the plane rotator model (i.e., S 2 replaced by S 1) was proved in ref. 5 . In ref. 2 we proved an upper bound of the form (1.24).
Our proof of Theorem 1.1, which we present in the next section, is fairly elementary and does not use the infrared bound.
An interesting question is whether (1.19) holds if we replace S 2 by some other compact manifold which is, say, the boundary of a convex set in N3. For such a manifold we can of course again define a Hamiltonian similar to (1.4). It is reasonable to believe that the tangent plane approximation would still hold, at least for some points on the manifold. However, our proof relies on the special symmetry of the sphere. uniformly in h as h goes to zero.
PROOF OF MAIN THEOREM
The idea in proving the upper bound is similar to the method in ref. 2 of reducing the problem to boxes of finite volume. However, it is considerably more delicate. In particular, the argument does not extend to the quantum Heisenberg ferromagnet. We first write the large box A = [0, L] ~ r 7/v as a disjoint union of cubic boxes Qi of fixed side length L 0. We are assuming that L/Lo is an integer. We then show that restricting the spins on the boundary ~?Q = Ui 0Qi of all the boxes to be close to the north pole only changes the free energy by a negligible amount uniformly in s. This almost reduces the problem to a finite volume. We then show that one can consider all the spins as being close to the north pole, and thus approximate the sphere by its tangent plane at the north pole. That is to say that we can approximate the Heisenberg model by something smaller than the Gaussian model.
We first turn to the proof that we can restrict the spins on the boundary OQ.
Define for Ao -A and (2 ~ 8 2
Z,(fl, h, A, A o, (2) (R~A\Ao s.S fs.~ dS(R)) exp[ -fl(-~A,=-EA.=)] (2.5)
i.e., the partition function with the spins on Ao restricted to s.~2. Let (2((Oo) _c S 2 be the solid angle around the north pole given in polar coordinates by {(0, q~)10~<0~<2~, 0~<q~< ~Oo}. Performing the differentiation on F, we obtain the result. ]
The second result we need to prove (2.6) is the following estimate, which should be intuitively clear. ..... f,;(a+) dO, do, 2 sin(2q),) F(r/1(,.~1),..., "c~-l(Sn))
where we have used (2.13) and that sin(&o)~<(g/2)2sin(p for 2>~1 and 0~<2(#~<~/2. If we choose 2=7~/2~o 0 and use [f2(tpo)l= 2rt(1 -cos ~Oo)~<g~bo 2, (2.11) follows from (2.14). |
Proof of I_emma 2.2.
We can of course assume that cp 0 is so small that the inner product of two vectors in g2(~Oo) is positive. To prove (2.6), expand the exponential exp[-fi~,,(h)] appearing in the integrand of Zs.
In each single term do the integral over the variables S(R) for ReA\Ao.
From Lemma 2.3 the remaining terms that all appear with positive coefficients are of the form in (2.11) without the absolute values. Hence (2.6) follows from Lemma 2.4. I
We are now in a position to prove that we can restrict all the spins to be close to the north pole. -log(l -e) (2.31) (2.32)
~A--EA >~ ~ [S(R+~5)-S(R)]z>~C(Lo,
(
